This paper considers an optimal life insurance for a household subject to mortality risk. The household receives wage income continuously, which could be terminated by unexpected premature loss of earning power. In order to hedge the risk of losing income stream, the household enters a life insurance contract. The household may also invest their wealth into a financial market. Therefore, the problem is to determine an optimal insurance/investment/consumption strategy. To reflect a real-life situation better, we consider an incomplete market where the household cannot trade insurance contracts continuously. We provide explicit solutions in a fairly general setup.
Introduction
We consider a household whose income stream relies on one particular member of the family. The household has an incentive to buy a life insurance contract to mitigate mortality risk of the wage earner. The investment time horizon of the household is   0,T where T denotes the planned retirement time of that person. That is, the household expects to receive wage income at rate   y t continuously until time T, which could be terminated before time T by some unexpected loss of earning power (e.g. death). Accordingly, it is natural to assume that the household buys an insurance that terminates at time T. In other words, the insurance coverage is effective until and upon time T. The mortality risk is modeled by a first arrival of a certain Poisson process The household tries to maximize its utility for the entire time horizon   0,T . See the next section for complete mathematical formulation. It should be emphasized here that the decision maker in our problem is the "household" (i.e. the whole family), not the insured person.
Hence after time  , consumption still continues.
Although the financial market (excluding insurance contracts) is assumed to be complete, the household's inability to trade insurance contracts makes the whole model incomplete. We show, by using the convex duality method, that if a certain n solves the dual problem, that n also solves the original utility maximization problem. We then explicitly compute the corresponding consumption and wealth processes. However, we need to specify a state price density process with respect to the mortality risk in order to solve the dual problem, and it is generally quite difficult to derive the process explicitly. To avoid this difficult issue, alternatively, we provide such a condition that the state price density process is given as a constant 1. In other words, we provide a condition such that the household evaluates the insurance benefit as its expected value of discounted cash-flow under the physical probability measure. Under the condition, provided that insurance benefit is a linear function of n, the household shall invest all the initial endowment either in the insurance contract or in the financial market, depending on the relationship between the insurance premium and the expected discount value of insurance benefit. This is natural because the financial market excluding insurance contracts is complete, if these two quantities are not equal, the household takes a full advantage of possible mispricing in the insurance contract. On the other hand, if these quantities are equal, the household does not have a clue as to how it should determine the optimal number of insurance contracts. Finally, we provide the optimal portfolio strategy for each n. Hence this paper analyzes the household's optimal behavior when the household faces the insurance contract and the financial market.
Literature Review
We briefly discuss this paper's position in the existing literature. While this paper considers insurance payment (at  ) as a source of income to the bereft family members for the rest of the time horizon, previous treatments of insurance in the literature are in essence from insurers' point of view. The main purpose is to calculate insurance premium of various contracts whose payment is exogenously given. For example, [1,2] examined option-like features contained in the insurance contacts. The fair premium of an equity-linked life insurance contract is calculated in [3, 4] , while [5] calculated the reserves in a stochastic mortality and interest rate model. See [6] . See also [7, 8] for determining insurance premium in a multiperiod economy and in a continuous-time economy, respectively.
In contrast, this paper discusses an optimal insurance purchase from the standpoint of households. The problem treated in this paper can be seen as an extension of the security allocation problem originally studied by [9, 10] . In his model, only a riskless security and a risky security are considered and the problem is to obtain an optimal portfolio rule so as to maximize the expected utility from consumption. Since then, the model has been extended to various directions.
[11] included life insurance decisions in the Merton model. He assumed a specific diffusion for the risky asset and a complete market where the investor can trade life insurance contracts continuously. The investor in [11] maximizes the utility until uncertain time of death.
[12] used a discrete-time model to derive the demand function for life insurance. [13] extended to a multi-period model but did not include risky assets in the asset portfolio. [14] , in one-period model, performed a comprehensive study of the insurance-investment-consumption problem and analyzed effects of parameters on individuals' insurance purchase, consumption, and stock investment decisions by using two different individual groups: one with exponential utility and the other with power utility. Also, [15] studied a life time model in which a "human capital" is considered, as in [11] , to represent the present value of the total wage income to be obtained in the future. By including the human capital in their security allocation model, they succeeded in explaining the relationship between the age of an economic agent and his/her optimal investment strategy. See also [16] [17] [18] as examples of such extensions.
Our current article contrasts with these papers in that we use a continuous-time framework with general utility functions and general underlying diffusions. Moreover, in order to make the model more realistic, we assume that the household cannot trade insurance contracts (unlike [11] ) and incorporate the fact that the bereft family would use the money from the insurance contract to continue their consumption until the fixed time T. It should be noted that [19] showed the existence of solutions for the investment-consumption problem with a random endowment in a general semimartingale model. Our current paper, though, has distinct merits in the sense that we obtain an explicit solution for a fairly general utility function and hence make economic implications much clearer. Moreover, while the random endowment in [19] is given exogenously, our random endowment (i.e., insurance money) here can be controlled by changing the number of shares of the insurance contract. This paper is organized as follows. In the next section, we formulate our problem in a rigorous manner. We solve the problem in the following section and discuss possible extensions after we present our main results. We defer the detailed proofs to Appendix. Throughout this paper, all the random variables considered are bounded almost surely (a.s.) to avoid unnecessary technical difficulties. Equalities and inequalities for random variables hold in the sense of almost surely.
The Model
Let us consider a complete filtered probability space 
. It is assumed that satisfies the usual conditions regarding right-continuity and completeness. The conditional expectation operator given is denoted by  with
Suppose that the current time is 0, and let be the termination time of an insurance contract which is set to be the same as the retirement time. We consider a continuous-time economy in
0,T that consists of the insurance contract and a financial market. The financial market is assumed to be frictionless and perfectly competitive 1 . The household may receive cash flow from various sources of income. But for simplicity, we assume that it relies on one member's income stream:
which is given exogenously until time T. To hedge the risk of loss of income flow at time T   n , the household buys an insurance policy described as follows: Once the household buys shares of the policy by paying the insurance premium amounts 0 at time 0, the insurance company makes an insurance payment in the amount of . In order to avoid unnecessary complications, we assume that the schedule function satisfies the following assumption.
is a nonincreasing continuous function with . Here we note that  means that the insurance amount when  occurs at time and the guaranteed insurance amount (which is unity) on the set coincide.
be the consumption process to be determined by the household. It is assumed that income and consumption processes are adapted to . In the financial market, there is a riskless security whose time price is denoted by . The riskless security evolves according to the differential equation;
where   r t is a positive, predictable process with respect to B  . The household can also invest their wealth into a risky security whose time price is denoted by t   t 1 . The risky security evolves according to the stochastic differential equation (abbreviated SDE); Let   π t be the amount to be invested into the risky security at time . The process t
 is referred to as a portfolio process. Now, given a portfolio process , a consumption process , the number of shares of the insurance policy and an income process , the wealth process 
where 0 is a given initial wealth which is assumed to be a positive constant.
W
In this paper, we assume that, given the intensity process  , the conditional survival probability of  is given by
That is, the intensity process  plays the role of the hazard rate,
A Poisson process driven by that (stochastic) intensity process is called a Cox process, which is also known as a doubly stochastic Poisson process. See, for example, [20] for details. In this case, we have N 1 A financial market is said to be frictionless if the market has no transaction costs, no taxes, and no restrictions on short sales (such as margin requirements), and asset shares are divisible, while it is called perfectly competitive if each agent believes that he/she can buy and sell as many assets as desired without changing the market price.
this setting, the infinitesimal increments   dB t and   dN t are conditionally independent given
B t
Recall that the household consumes the wage income and, if any, insurance money to maximize the expected discounted utility from consumption and terminal wealth . Let be the utility function of the household from consumption, and let 2 be the utility function of the household from the terminal wealth. In order to guarantee the existence of a unique optimal solution as an internal point, we assume that the following assumption holds in the sequel (See the proof of Proposition 1 and that of Proposition 2 in Appendix). 
where the maximum is taken over by the feasible consumption and wealth pairs, under the budget constraint Equation (3).
where In the next section, we shall solve the problem (MP) by applying the martingale approach in an incomplete market (see [18] and [22] ).
Main Results
In order to apply the martingale approach, we need to specify a state price density process first. Let be a class of positive and predictable stochastic processes;
For each  , the state price density process is given by with
Note that Equations (8) and (10) say that the state price density process  is determined once the intensity process  is specified. Here and hereafter, we denote the conditional expectation operator given t under the equivalent martingale measure by with .
Remark 1 The following facts are well known. See for example [21] and [23] .
1) The state price density process
is such a process that   0 1   , , and for each
i.e. each process
3) The process  represents the intensity process under the equivalent martingale measure .  We solve the problem (MP) in two steps. First, for a given n    , we solve the problem by applying the martingale methods for optimal portfolio selection problems in incomplete market. Second, we derive the value of which maximizes the value function that is derived in the first step. n In the following, in order to make the dependence on    explicit, we denote the state price density by
, where
See also Equation (10). Similarly,   denotes the equivalent martingale measure associated with the state price density   , which is given by
For a given consumption and wealth pair   , c W , the next result provides a necessary condition regarding its feasibility in the market.
Lemma 1 If a consumption and wealth pair
(as in Definition 1), then it satisfies the following inequalities.
T T t c t y t t T W T nX T W np t c t t T W T T W T
For each utility function , and each and V by 
Then we can readily show that ,
Now, in order to solve the problem (MP), we consider the following dual optimization problem:
The household's optimal consumption/wealth process is given next:
where, by recalling Equation (8),
Suppose that Assumptions 1 and 2 hold. Let n  be a solution to (DP) satisfying
, ,
T T T T T T t I J T T t t t T T I J T T T T
, and
T t I t t t T J T
                                  where . Then, n       0 , : argmin , n n V               agrees
with an optimal share n o the insurance policy in (MP)
and an optimal consumption process ĉ and the corresponding wealth process Ŵ are given, respectively, by
and
1ˆ; ,
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In summary, we have obtained the following: If we assume that n  solves the dual problem (DP) along 
 is uniquely given by  .
We note the additional convexity assum
, and   J x is satisfied by utility logarith etc., although implication of Equation (25) 
otherwise n is indefinite. at if the money received from th This pro sition states th po e insurance contract at time  is linear in n , the household either spends all of th nt in e initial endowme the insurance contract or buys no insurance, depending on
That is, depending on whe benefit from the insurance contract is greater or less than the insurance premium. This makes sense since the household tries to take a full advantage of possible mispricing in the insurance contract. On the other hand, if the insurance premium is priced in such a way 
ote that dependence on is implicit through Equatio ed ngs. First, th N n n (24). The household ne to decide the number of insurance contract first. Once given that n, they hold on to the optimal consumption Equation (22) and portfolio process Equation (26) to maximize their utility.
Our framework can be discussed in other setti e insurance benefit was computed as a linear function of n but we could assume a more general (non-linear) formula than in Equation (1). In this case, the optimal number of insurance contract can be an interior point between   0 0 0,W p . Secondly, our insurance premium 0 p here xogenously and Proposition 3 disses the relationship between 0 p and the expected payment at is given e cus  whose form is basically LLN-based pricing. In this context, there exists an exceedingly increasing literature about pricing under distorted probabilities or Choquet pricing (see, for example, [24, 25] ). In conjunction with these new pricing schemes our problem can be extended to an equilibrium analysis between the household and the insurer.
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Proof of Lemma 1:
For any    , suppose that is in . Then, from Equation (3) and Itô's formula, we obtain The proof here adapts the arguments in [26, 27] . As-
solves (DP) along with n * , and that
T T T T T J T T t I J T T t t t T T I J T T T T t I t t t T J T
holds. In order to prove that
in Equations (22) and (23) is optimal, we will proceed in two steps; first we will show that
T t T s s U c t t t t V W T s s U c t t t t V W T
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hold for all , and then that
Step 1 (optimality). By Assumption 2-(2), there exists such that for each , Hence Equation (28) implies
for all , .
y t t n T X T W np t c t y t t T W T nX T
where the second equality follows the dominated convergence theorem, using Equation (31) and the fact that
t u t t u t t u t t t I t t t I t t
and that
because both and
and both 
it then, by evaluating the previous inequality at
and using the definition of and W in Equations (22) and (23), follows from Equations (15) and (32)
T s s U c t t t t V W T s s U c t t t t V W T t c t c t t T W T W T
Furthermore, we can easily confirm that Equation (30) holds since Equation (18) , Equation (21) and that
must be optimal provided it is in .  Step 2 (feasibility). We are only left to show that there exists an admissible portfolio process financing π 
We used the definition of Equation (23) contradicting Equation (39). From Theorem 13.1 of [28] and Equation (40), we can conclude that
